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Abstract

Previous transportmodelsof the plasmaspheresing
currentandradiationbeltshave considerecitherdiffusive
or corvective transport,but not both. Sincethe VB drift
speeds proportionalto enepgy, analyse®f particleswith
E>100keV have generallyusedonly VB drift and dif-
fusive transport.Corversely particlesof E<30 keV have
beentreatedwith only Ex B drift andcorvectivetransport.
The ring current,which lies betweenthesetwo regimes,
cannotbe describedby either mechanismalone, so that
thesestandardnodels thoughwidely usedandotherwise
applicablefail in detailto describethetrappedon popu-
lation asobsened with moderninstrumentation.We de-
velop a formalism that can describeboth diffusive and
convective transportin a completelygeneralway, includ-
ing UT, LT, radial,andpitch angledependencayith arbi-
trary magneticandelectricfield models.Theformalismis
generalenoughto rederive the electricor magneticdiffu-
sion coeficientsfor trappedparticleswithout the simpli-
fying assumptiorof axial symmetryor a vanishingcon-
vectionelectricfield, thusimproving on the standardco-
efficientsderived nearly30 yearsago. More importantly
we include the previously negglecteddiffusion term due
to a localized,non-globalperturbationof the fields, and
shav thatundersomecircumstanceshis term may dom-
inateover the resonantdiffusion causedy global pertur
bations.

Introduction and Data Example

Two typesof modelshave beenusedto describethe
ring current(1<E<300keV), diffusionmodelde.g.,Shel-
don1994aJandcorvectionmodelsfe.g.,Fok etal. 1995].
Both modelsarevery sophisticateget have deviationsof
anorderof magnitudegrom the data,shaving thatneither
approachalone can describethe ring current. A variant
on the secondapproachusedMonteCarlosimulationsof
convective transporbut with theimpulsive burstycharac-
teristicsof thestorm-timeelectricfield [Chenetal., 1994],
andfoundthat quasi-difusive transport fasterthandrift-
resonanfSculzandLanzeotti, 1974]diffusive transport

1

washneededn suchsimulationsto describethe ring cur-
rentions. Thereforenotonly do we needa formalismfor
including diffusionin a corvectionmodel,but we needa
robustdefinitionof diffusionaswell.

In additionto simulationsthereis compellingempiri-
calevidencethatno presentorvectionor diffusionmodel
canadequatelyexplain the data. One examplefrom the
AMPTE missionwill sufiice. On days138-143of 1987,
theCHEM instrumenbbsenedthequietesting currentin
its four-yearmission,asdeterminedy bothgroundbased
indicesandin situ measuredlensities A plot of thosesix
radial passegseeFigure 1) shaws a distinct peakaround
L=2.8 that surfacedasthe magnetospherguieted(Days
139-142),but appeardiffusedduring more active peri-
ods(Day 138). Now this peakis not theresultof atime-
dependentranspordueto electricfieldsor currentssince
the magnetospheraas in an extremely quiescentstate,
but arisesfrom the corvective acces®f plasmasheeabns
to the inner ring current,which canbe obsened only in
arealisticcorvectionmodel[Sheldon1994b]. Although
onemightincludesuchad hoc sourcetermsin eitherthe
diffusive or the corvective modelsabove, the datashov
otherdiscrepancienotsoeasilyincluded.

Time-dependertorvectionmodelscanonly movepar
ticles from the plasmasheetn opendrift orbits, anduse
time-dependenci® getparticlesontoclosed,ring current
drift orbits. In ary quasi-statidime-independentnagne-
tospherehowever, theparticleson closedorbitswould de-
caywith time, producingsharpboundariedetweernopen
and closeddrift orbits. Thusthe ring currentshouldbe
essentiallyempty for ary protractedperiod of magneto-
sphericquieting. Sincethe losstimestypically quotedfor
thering currentareabout10 hours,thefive daysof quiet
shavn hereshouldhave producedan emptyring current
outto aboutL=6. Clearlyanadditionaltransportmecha-
nismis operatingn our data.

Thestandardliffusionmodelimplementsucha quiet-
time radialtransportput typically with a steeppower law
dependencen L-shell. Soevenif we includea low-L
sourceto mimic the corvective accesstherewould not
be the enhancedliffusion obsenedaroundL=4. Thatis,
the diffusion modelspredicta steepflux gradientat L~5
whenthe diffusionratedropsbelow the chage-exchange
lossrate.Now theflatteningof theflux gradientatL=4 on
day138canonly occurif thediffusionrateis againgreater
thanthelossrate. Sincethelossrateincreasesnonotoni-
cally asoneapproachethe atmospherisourceof neutral
hydrogen,this implies that the diffusion rate shov a lo-
cal maximaat L=4. But the standardiffusionmodelsall
have diffusion coeficientswhich monotonicallydecrease
with L in disagreementvith the data[\Westet al., 1981,



SheldorandHamilton, 1993].

As before we canagainaddasecondnternalsourceof
diffusionto accountfor the non-monotonicshapeat L=4
[Sheldon1994a],which doesnot changehe characteof
the solutionat L>5. Yet even with this highly ad hoc
modeltunedto explain L<5 fluxes,we cannotexplain the
changen the slopeof the phasespacedensityseeraround
L=5 for days138-140to days141-142.Sincethe slope
dependsot on the amplitudeof the diffusion coeficient
but its power law exponent,this changein slopeimplies
atemporalchangdn the power law exponentof the elec-
tric diffusion coeficient. This is only possiblein current
diffusiontheoryif the spectralindex of the perturbations
of thesolarwind driver shouldchangen exactlythesame
manner In this case we would requirea solarwind per
turbationspectralindex changefrom f~2 to about 5,
which appearsatherunsupportedy solarwind obsena-
tions. Thusit appeardifficult to accountfor temporal
changesn the ring currentusing currentdiffusion mod-
elswheneerlong time averageswhich tendto introduce
substantiahumericaldiffusion,arenot performed.

We proposehattheaboretheoreticahndobsenational
problemscanbe solved,first by transformingthe corvec-
tion probleminto moreintuitive coordinategandthencon-
sideringthediffusionof theseconvectiondrift orbitsusing
recentdescriptionf the diffusion process.In Section2
we describethe coordinateransformatiorthatenabless
to separateornvectionfrom diffusion.In Section3 we de-
velopastandardpproacho diffusionin enegy-spacend
shav how we canderive diffusioncoeficientsfor random
perturbationsn the fields. In Section4 we describethe
differencedetweerresonantiffusionandour derivation,
andwhenthis additionaldiffusionis important.

Hamiltonian Convection

Several approachesave beenusedto solve the prob-
lem of ion trajectoriesn theearths magnetospherévost
rely on integrating the forcesalong a particle trajectory
a Lagrangianapproach.Our approachusesconseration
of enegy and the first two adiabaticinvariantsalong a
bounce-aeragedrajectorysothatthe orbit is determined
by the isoenegy contoursfor a prescribedelectric and
magnetidield model. This Hamiltonianapproactasthe
adwantagehaterrorsdo notpropagat@ndthattrajectories
arefoundquickly andaccuratelyTherelevantequations
givenby Whipple[1978],

Hy=K.E.+ P.E. = uB,, + qU 1)

whereH, istheunperturbeddamiltonianconsistingof the
sumof kinetic (K.E.) andpotential(P.E.) enepies. At the

2

mirror point, all the K.E. is in the perpendiculamotion,
so that the magneticmoment, i, multiplied by the mir-
ror point magneticfield strength,B,,,, givestheion K.E.
Thepotentialenegy is assumedo bewell describedy a
scalarfield, U, timesthechage,q.

The Hamiltonianmethodoutlinedaboveis completely
generafor all pitchangles.Theelectrostatipotentiall is
assumedo be constantlonga field line, andthereforeis
independendf pitch angle. However B,,, is clearly pitch
angledependentand mustbe known for every value of
thesecondadiabatidnvariantJ or K [Sheldorand Gaffey,
1993].

Birminghan{1984]discussetheconditionsundemwhich
thefirst two invariantsarenot consered,which for a“re-
alistic” modelfield, e.g. Tsyganenk 89, occursnearmid-
night at L=8-10 for 100 keV particles(private commu-
nication, B. Anderson1996). Time dependencés also
possibleif changesn B,, andU are“slow enough”,or
guasi-statica propertymet by all modelspreviously de-
scribed. Thusthe boundaryconditionsunderwhich the
above formulation is applicableare the ionospherethe
magnetopausegand the enegy-dependentBirmingham
boundary”around10 Rg at midnight.

In theadiabatiaegimeof aquasi-statienagnetosphere,
ionsneithergainnorlosetotal enegy sothatwe canwrite
thederivative,

dH, 8B, OU 98U 1

qE:}E:_E 2

ar  Mae

i.e., if we corvert from real (z, y)-spaceinto (U, B, )-

spacethentheion trajectoriesare straightlines with the
slope—pu/q. Not only doesthis greatly enhancepur in-

tuition for magnetosphericornvection,but it clearlysepa-
ratesthecompetingranspormechanismsf diffusionand
corvection. Although diffusionis occurringin all direc-
tions, it is only apparentvhenno othertransportmecha-
nism, suchascornvection,overwhelmsits small displace-
ment. Thuswe canidentify corvectionwith the motion
alonga drift orbit line, anddiffusion asthe motiontrans-
verseto drift lines.

This definition of diffusionovercomesnostof the dif-
ficulties encounteredn the diffusion modelsdiscussed
above. They all assumehat the drift orbits are circular
afterremoving the effect of a non-axisymmetrienagnetic
field sothatdiffusionthencorrespondso radialtransport.
This is clearly not true for ring currentions, which be-
causeof oppositelydirectedVB and E x B drifts, orbit
ondistortedellipses bananasandotherunnamedigures.
Thusweareunableto computeing currentdiffusioncoef-
ficientsfrom previoustheoryandinsteadrederive the dif-
fusioncoeficientin a Hamiltonianformalism.



Non-Resonant Diffusion

Let us write a simple extensionof the above quasi-
steadystate Hamiltonianincluding a small perturbation
term,

H=Hy+ H, =pBp +qU + péBp, + U (3)

We assumehat the averagevalue of this Hamiltonianis
thesteadystate H,, whichis to saythatfluctuationsn the
magnetospheneeitherenegizenor dampthetotal enegy
of the system,e.g. a steadyrampup of the electricfield
would violate this assumption.Nearthe drift resonance,
(H1) # 0, unlesswe alsoaverageover drift phase.This
averageoverdrift phasas potentiallythethorniestssuein
calculatingboth resonantand non-resonandiffusion, as
well asin distinguishingirreversible,entrogy-increasing
diffusionfrom reversible"migration”, butin thefollowing
discussiorwe assumehatatime-averages sufiicient.

If we consideranensemblef nearlycoincidentorbits,
with nearlythe sametotal enegy, thenwe candescribe
theirvarianceas

Hps = ((H = (H))*) = (0?6B%) + (¢°6U°)  (4)

wherewe assuméhaté B anddU areuncorrelated.This
is probablynottruein generalthoughwe believe thatthe
crossterm §BoU will be smallerthan the other terms,
which canbe seenby notingthatchangesn U will occur
only in theionospherewhich becausef its conductvity
will “freezein” ary fluctuationof magnetidoot points.

Now diffusionin enegy spaces nothingbut broaden-
ing of thevariancethatwe have justdefined[Reif 1965],

20 = ez, ) = 4 ((eom) + (2oU?) @)
dt dt

This broadenings in the direction perpendiculato the
corvectionvelocity sincecorvective velocitiesare gener
ally anorderof magnituddasterthandiffusive broadening
sothatwe do not obsene the componenbf diffusionpar
allel to convection. This directioncanbe calculatedrom
the slope,tan(f) = —u/q, whered is the anglewrt B,
the x-axis. The diffusive directionrequiresthat a fluctu-
ationin B be multiplied by sin(#), andcorverselythata
fluctuationin U bemultiplied by cos(é). Thuswe have,

D202 (womy - L@vy)  ®
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Thereare several featuresof this expressiorthatindi-
cateself-consistengcandcoherencef our approach.For
high enegies (1 > 1) the expressionis dominatedby
magneticfluctuations asis well known for radiationbelt
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ions. For low enegies (x4 < 1) the expressionis dom-
inatedby electricfield fluctuations,asexpectedfor plas-
masheetons. Thuswe have spannedhe entirerangeof
ring currentenegieswith this oneexpression.

The diffusion coeficient derived above can be con-
vertedfrom enepgy spaceto real spaceby using spatial
derivativesof H for aspecifiednagneticandelectricfield
configuration. For example,a fluctuating Volland-Stern
electricfield wherethe fluctuationsoccurnot in the first,
corotatiorterm,but in thesecondcorvectionterm,canbe
written,

A

U = Z+CL2 sin(¢) (7)

SU = L%sin(¢)5C

dH A .
d_L = q(—ﬁ—I-ZCLsm(qﬁ))

where ¢ is the LT from midnight, and A, C' arethe co-
efficientsfor corotationand cross-tailfield. Thenat low
enegy (p < 1),

cos(9)L¥sin’(¢) d

Di = 2(2CL3sin(¢) — A)2 A

Thusfor A <« 2Csin(¢)L3, D¥, ~ L2, whereasfor
A > 2Csin(¢)L?, DP, ~ L8. Thatis, active Kp periods
have a smallerradialgradientfor diffusionthanquietpe-
riods, which is preciselythe obsenedtemporaldeviation
shavn in Figurel. We cannow explain time-dependence
in the power-law exponentof thediffusioncoeficient.

Non-Global Diffusion

Therearesignificantdifferenceshetweenthe standard
derivation of the resonantdiffusion coeficient and that
for our Hamiltoniandiffusion coeficientasshovn above.

Theresonantiffusionderivationsof Parker [1960], Falthammar

[1965], and Nakadaand Mead [1965], assumethat the
major contribution to the diffusion coeficientis the reso-
nantcomponentSincethe magnitudeanddirectionof the
resonantomponentare phasedependentchangingsign
for day and night sidesof the magnetosphereg second
assumptioris that magnetospheriiuctuationsare phase
mixedin time sothatthe averageeffectis diffusive. This
classicalapproachmakes two critical assumptions:the
perturbationsreincoherentn timeandcoherentn space.
Thatis, theperturbationsireresonanthaving acoherence
time thatis shortwith respecto the system,andglobal,
causingall drift pathsto shiftin phaseiogether But there
are also situationsin which violation of the secondas-
sumption,coherencen spacemight leadto a largerdif-
fusion coeficientthanthe resonanmodel. Thatis, under



certain circumstancesturbulent spatial diffusion should
be moreeffective thantemporal phase-mixingliffusion.

Argumentswere presentedhearly 30 yearsagoin the
context of magnetizedsolar wind plasma,(e.g., Taylor
andMcNamag [1971], Matthaeusetal. [1995]andrefer
encegherein),thatresonant;slab” diffusiondependsn
the secondpower of thefluctuations(Dy,r, o (6B/Bg)™)
where n=2, whereasnon-resonant2D” diffusion de-
pendsonly on thefirst power, n=1. If this bethe casefor
the magnetospheregnd crucial assumption$have yet to
beproven,thenin thelimit of 6B/ By — 0, (i.e. for quiet
magnetosphericonditions)this incoherentnon-resonant
diffusion may dominateover the resonantcontrikution.
Sincetheseareexactlytheconditionsundemwhichthedata
weretaken,it is possiblehatwe areperhapseeingatime
perioddominatedby non-resonandiffusion. At the very
least,we have demonstratedhat the superiorityof reso-
nantdiffusionovernon-resonandiffusioncannotetaken
for grantedjt mustbe proven. In afuture paperwe shall
applythis modelto the datasetdescribedn theintroduc-
tion.

Conclusions

We have attemptedo shav how the useof a Hamilto-
nian formalism can help us to calculatediffusionin the
magnetospherand separatat from corvective effects.
This meansthat we cannow treatring currentand plas-
masheeionswith a singleconsistentheoreticabpproach
thatincorporatedothdiffusionandcornvection.We goon
to shaw thatthis treatmentanalsoimprove the standard
diffusion coeficientsboth by generalizingmagneticim-
pulsesto ary type of electromagnetiperturbatiorandby
incorporatingrecentinsightsinto the natureof “2D” and
“slab” diffusion. We believe thatthis reformulationof the
diffusionparadigmwill be of greatvalueto modellersat-
temptingto fit moderndatasets. Not only hasthe basis
setof diffusionmodelsbeenenriched but corvectionhas
beenincorporatedn away thatpermitsafluid description
of magnetospheriparticlesfrom 1 e\V-100MeV.
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Figure 1. Phasespaceadensityof 10-20MeV/G H* on six successie AMPTE/CHEM passes.
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