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Abstract

Previous transportmodelsof the plasmasphere,ring
currentandradiationbeltshaveconsideredeitherdiffusive
or convective transport,but not both. Sincethe

�
B drift

speedis proportionalto energy, analysesof particleswith
E � 100 keV have generallyusedonly

�
B drift anddif-

fusive transport.Conversely, particlesof E � 30 keV have
beentreatedwith only E � B drift andconvectivetransport.
The ring current,which lies betweenthesetwo regimes,
cannotbe describedby eithermechanismalone,so that
thesestandardmodels,thoughwidely usedandotherwise
applicable,fail in detail to describethetrappedion popu-
lation asobservedwith moderninstrumentation.We de-
velop a formalism that can describeboth diffusive and
convective transportin a completelygeneralway, includ-
ing UT, LT, radial,andpitchangledependence,with arbi-
trarymagneticandelectricfield models.Theformalismis
generalenoughto rederive theelectricor magneticdiffu-
sion coefficientsfor trappedparticleswithout the simpli-
fying assumptionof axial symmetryor a vanishingcon-
vectionelectricfield, thusimproving on the standardco-
efficientsderivednearly30 yearsago. More importantly,
we include the previously neglecteddiffusion term due
to a localized,non-globalperturbationof the fields, and
show thatundersomecircumstancesthis termmaydom-
inateover theresonantdiffusioncausedby globalpertur-
bations.

Introduction and Data Example

Two typesof modelshave beenusedto describethe
ringcurrent(1 � E � 300keV),diffusionmodels[e.g.,Shel-
don1994a]andconvectionmodels[e.g.,Fok etal. 1995].
Bothmodelsareverysophisticatedyet have deviationsof
anorderof magnitudefrom thedata,showing thatneither
approachalonecan describethe ring current. A variant
on the secondapproachusedMonteCarlosimulationsof
convectivetransportbut with theimpulsiveburstycharac-
teristicsof thestorm-timeelectricfield [Chenetal., 1994],
andfound thatquasi-diffusive transport,fasterthandrift-
resonant[SchulzandLanzerotti, 1974]diffusive transport

wasneededin suchsimulationsto describethe ring cur-
rentions.Therefore,notonly do weneeda formalismfor
includingdiffusion in a convectionmodel,but we needa
robustdefinitionof diffusionaswell.

In additionto simulations,thereis compellingempiri-
calevidencethatnopresentconvectionor diffusionmodel
canadequatelyexplain the data. Oneexamplefrom the
AMPTE missionwill suffice. On days138-143of 1987,
theCHEMinstrumentobservedthequietestringcurrentin
its four-yearmission,asdeterminedby bothgroundbased
indicesandin situmeasureddensities.A plot of thosesix
radialpasses(seeFigure1) shows a distinctpeakaround Figure1
L=2.8 that surfacedasthe magnetospherequieted(Days
139-142),but appearsdiffusedduring more active peri-
ods(Day 138). Now this peakis not theresultof a time-
dependenttransportdueto electricfieldsor currents,since
the magnetospherewas in an extremely quiescentstate,
but arisesfrom theconvectiveaccessof plasmasheetions
to the inner ring current,which canbe observed only in
a realisticconvectionmodel[Sheldon, 1994b]. Although
onemight includesuchad hocsourcetermsin eitherthe
diffusive or the convective modelsabove, the datashow
otherdiscrepanciesnotsoeasilyincluded.

Time-dependentconvectionmodelscanonly movepar-
ticles from the plasmasheeton opendrift orbits, anduse
time-dependenceto getparticlesontoclosed,ring current
drift orbits. In any quasi-statictime-independentmagne-
tosphere,however, theparticlesonclosedorbitswouldde-
caywith time, producingsharpboundariesbetweenopen
andcloseddrift orbits. Thus the ring currentshouldbe
essentiallyempty for any protractedperiodof magneto-
sphericquieting.Sincethelosstimestypically quotedfor
thering currentareabout10 hours,thefive daysof quiet
shown hereshouldhave producedan emptyring current
out to aboutL=6. Clearlyanadditionaltransportmecha-
nismis operatingin ourdata.

Thestandarddiffusionmodelimplementssuchaquiet-
time radialtransport,but typically with a steeppower law
dependenceon L-shell. So even if we include a low-L
sourceto mimic the convective access,therewould not
be theenhanceddiffusionobservedaroundL=4. That is,
thediffusionmodelspredicta steepflux gradientat L � 5
whenthediffusionratedropsbelow thecharge-exchange
lossrate.Now theflatteningof theflux gradientatL=4 on
day138canonly occurif thediffusionrateis againgreater
thanthelossrate.Sincethelossrateincreasesmonotoni-
cally asoneapproachestheatmosphericsourceof neutral
hydrogen,this implies that the diffusion rateshow a lo-
cal maximaat L=4. But thestandarddiffusionmodelsall
have diffusioncoefficientswhich monotonicallydecrease
with L in disagreementwith the data[Westet al., 1981,



2

SheldonandHamilton, 1993].

As before,wecanagainaddasecondinternalsourceof
diffusionto accountfor thenon-monotonicshapeat L=4
[Sheldon, 1994a],which doesnot changethecharacterof
the solution at L � 5. Yet even with this highly ad hoc
modeltunedto explainL � 5 fluxes,wecannotexplain the
changein theslopeof thephasespacedensityseenaround
L=5 for days138–140to days141–142.Sincethe slope
dependsnot on the amplitudeof the diffusioncoefficient
but its power law exponent,this changein slopeimplies
a temporalchangein thepower law exponentof theelec-
tric diffusioncoefficient. This is only possiblein current
diffusion theoryif thespectralindex of the perturbations
of thesolarwind drivershouldchangein exactly thesame
manner. In this case,we would requirea solarwind per-
turbationspectralindex changefrom ���	� to about ����
 ,
which appearsratherunsupportedby solarwind observa-
tions. Thus it appearsdifficult to accountfor temporal
changesin the ring currentusingcurrentdiffusion mod-
elswhenever long time averages,which tendto introduce
substantialnumericaldiffusion,arenotperformed.

Weproposethattheabovetheoreticalandobservational
problemscanbesolved,first by transformingtheconvec-
tion probleminto moreintuitivecoordinatesandthencon-
sideringthediffusionof theseconvectiondrift orbitsusing
recentdescriptionsof thediffusionprocess.In Section2
we describethecoordinatetransformationthatenablesus
to separateconvectionfrom diffusion.In Section3 wede-
velopastandardapproachtodiffusionin energy-spaceand
show how wecanderivediffusioncoefficientsfor random
perturbationsin the fields. In Section4 we describethe
differencesbetweenresonantdiffusionandourderivation,
andwhenthisadditionaldiffusionis important.

Hamiltonian Convection

Several approacheshave beenusedto solve the prob-
lemof ion trajectoriesin theearth’smagnetosphere.Most
rely on integrating the forcesalonga particle trajectory,
a Lagrangianapproach.Our approachusesconservation
of energy and the first two adiabaticinvariantsalong a
bounce-averagedtrajectorysothattheorbit is determined
by the isoenergy contoursfor a prescribedelectric and
magneticfield model.This Hamiltonianapproachhasthe
advantagethaterrorsdonotpropagateandthattrajectories
arefoundquickly andaccurately. Therelevantequationis
givenby Whipple[1978],��
������ ��������� ������� ��!"�$#&%

(1)

where
�'


is theunperturbedHamiltonianconsistingof the
sumof kinetic (K.E.) andpotential(P.E.) energies.At the

mirror point, all the K.E. is in the perpendicularmotion,
so that the magneticmoment,

�
, multiplied by the mir-

ror point magneticfield strength,
� !

, givesthe ion K.E.
Thepotentialenergy is assumedto bewell describedby a
scalarfield,

%
, timesthecharge,

#
.

TheHamiltonianmethodoutlinedabove is completely
generalfor all pitchangles.Theelectrostaticpotential

%
is

assumedto beconstantalonga field line, andthereforeis
independentof pitch angle.However

� !
is clearlypitch

angledependent,andmustbe known for every valueof
thesecondadiabaticinvariantJor K [SheldonandGaffey,
1993].

Birmingham[1984]discussestheconditionsunderwhich
thefirst two invariantsarenotconserved,which for a “re-
alistic” modelfield, e.g.Tsyganenko 89,occursnearmid-
night at L=8–10 for 100 keV particles(privatecommu-
nication, B. Anderson1996). Time dependenceis also
possibleif changesin

� !
and

%
are“slow enough”,or

quasi-static,a propertymet by all modelspreviously de-
scribed. Thus the boundaryconditionsunderwhich the
above formulation is applicableare the ionosphere,the
magnetopause,and the energy-dependent“Birmingham
boundary”around10 (*) atmidnight.

In theadiabaticregimeof aquasi-staticmagnetosphere,
ionsneithergainnor losetotalenergy sothatwecanwrite
thederivative,+ �-, � 
,&. �/�10 � !0	. �2#30 %0	. 4 0 %0 �*! �65 � # (2)

i.e., if we convert from real 798;:=<?> -spaceinto 7 % : ��! > -
space,thenthe ion trajectoriesarestraightlines with the
slope

5@��AB#
. Not only doesthis greatlyenhanceour in-

tuition for magnetosphericconvection,but it clearlysepa-
ratesthecompetingtransportmechanismsof diffusionand
convection. Although diffusion is occurringin all direc-
tions, it is only apparentwhenno othertransportmecha-
nism,suchasconvection,overwhelmsits smalldisplace-
ment. Thuswe canidentify convectionwith the motion
alonga drift orbit line, anddiffusionasthemotiontrans-
verseto drift lines.

This definitionof diffusionovercomesmostof thedif-
ficulties encounteredin the diffusion modelsdiscussed
above. They all assumethat the drift orbits arecircular
afterremoving theeffectof a non-axisymmetricmagnetic
field sothatdiffusionthencorrespondsto radialtransport.
This is clearly not true for ring currentions, which be-
causeof oppositelydirected

���
and

� � �
drifts, orbit

ondistortedellipses,bananas,andotherunnamedfigures.
Thusweareunabletocomputeringcurrentdiffusioncoef-
ficientsfrom previoustheoryandinsteadrederive thedif-
fusioncoefficient in aHamiltonianformalism.
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Non-Resonant Diffusion

Let us write a simple extensionof the above quasi-
steadystateHamiltonian including a small perturbation
term,�C��� 
 �$�ED@��� � ! �$#&%/�$� FB� ! ��#BF&%

(3)

We assumethat the averagevalueof this Hamiltonianis
thesteadystate,

� 

, whichis to saythatfluctuationsin the

magnetosphereneitherenergizenordampthetotalenergy
of the system,e.g. a steadyrampup of the electricfield
would violate this assumption.Nearthe drift resonance,G � DIHKJ� +

, unlesswe alsoaverageover drift phase.This
averageoverdrift phaseis potentiallythethorniestissuein
calculatingboth resonantandnon-resonantdiffusion, as
well as in distinguishingirreversible,entropy-increasing
diffusionfrom reversible“migration”, but in thefollowing
discussionweassumethata time-averageis sufficient.

If weconsideranensembleof nearlycoincidentorbits,
with nearly the sametotal energy, thenwe candescribe
their varianceas� �L !@M �ON 7 �P5 G � H > �RQ �� NS� � FB� �BQ ��NT# � F&% �BQ (4)

wherewe assumethat
FB�

and
F&%

areuncorrelated.This
is probablynot truein general,thoughwe believe thatthe
crossterm

FB��F&%
will be smaller than the other terms,

which canbeseenby notingthatchangesin
%

will occur
only in the ionosphere,which becauseof its conductivity
will “freezein” any fluctuationof magneticfoot points.

Now diffusionin energy spaceis nothingbut broaden-
ing of thevariancethatwehave justdefined[Reif, 1965],U&V � ,,&. 7 � �L !@M > � ,,&. W NS� � FB� � Q ��NX# � F&% � QZY (5)

This broadeningis in the direction perpendicularto the
convectionvelocity sinceconvective velocitiesaregener-
ally anorderof magnitudefasterthandiffusivebroadening
sothatwedonotobservethecomponentof diffusionpar-
allel to convection.This directioncanbecalculatedfrom
the slope, [T\R] 79^_> �`5@��AR#

, where ^ is the anglewrt
�

,
the x-axis. The diffusive directionrequiresthat a fluctu-
ation in

�
bemultiplied by acbd];7e^f> , andconverselythata

fluctuationin
%

bemultipliedby gih_aI7e^_> . Thuswehave,V � a=bj]�7e^_>U ,,&. k G � FB� H � 5 #� G #BF&% H �Zl (6)

Thereareseveral featuresof this expressionthat indi-
cateself-consistency andcoherenceof our approach.For
high energies 7 �nm o > the expressionis dominatedby
magneticfluctuations,asis well known for radiationbelt

ions. For low energies(
�qpro

) the expressionis dom-
inatedby electricfield fluctuations,asexpectedfor plas-
masheetions. Thuswe have spannedthe entirerangeof
ring currentenergieswith thisoneexpression.

The diffusion coefficient derived above can be con-
vertedfrom energy spaceto real spaceby using spatial
derivativesof

�
for aspecifiedmagneticandelectricfield

configuration. For example,a fluctuatingVolland-Stern
electricfield wherethefluctuationsoccurnot in thefirst,
corotationterm,but in thesecond,convectionterm,canbe
written, % � s t6�2u t � acbd] 7wv�> (7)F&% � t � acbd];7xv	> FRu, �, t � # 7 5 st � � U u t a=bj] 7xv�>c>
where v is the LT from midnight, and s : u are the co-
efficientsfor corotationandcross-tailfield. Thenat low
energy 7 �ypzo > ,V ){|{ � gih_aI7e^_> t~} acbd] � 7xv�>U 7 U u t~� a=bd];7wv�> 5 s > � ,,_. 7 F � u > (8)

Thus for s p U u acbd];7xv	> t � , V ){|{ � t � , whereasfors m U u a=bd];7wv�> t � , V ){|{ � t�}
. Thatis, activeKp periods

have a smallerradialgradientfor diffusionthanquietpe-
riods,which is preciselytheobservedtemporaldeviation
shown in Figure1. We cannow explain time-dependence
in thepower-law exponentof thediffusioncoefficient.

Non-Global Diffusion

Therearesignificantdifferencesbetweenthestandard
derivation of the resonantdiffusion coefficient and that
for our Hamiltoniandiffusioncoefficientasshown above.
Theresonantdiffusionderivationsof Parker [1960],Fälthammar
[1965], and Nakadaand Mead [1965], assumethat the
majorcontribution to thediffusioncoefficient is thereso-
nantcomponent.Sincethemagnitudeanddirectionof the
resonantcomponentarephasedependent,changingsign
for day and night sidesof the magnetosphere,a second
assumptionis that magnetosphericfluctuationsarephase
mixedin time sothat theaverageeffect is diffusive. This
classicalapproachmakes two critical assumptions:the
perturbationsareincoherentin timeandcoherentin space.
Thatis, theperturbationsareresonant,having acoherence
time that is shortwith respectto the system,andglobal,
causingall drift pathsto shift in phasetogether. But there
are also situationsin which violation of the secondas-
sumption,coherencein space,might leadto a largerdif-
fusioncoefficient thantheresonantmodel.That is, under
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certaincircumstances,turbulent spatialdiffusion should
bemoreeffective thantemporal,phase-mixingdiffusion.

Argumentswerepresentednearly30 yearsagoin the
context of magnetizedsolar wind plasma,(e.g., Taylor
andMcNamara [1971],Matthaeusetal. [1995]andrefer-
encestherein),that resonant,“slab” diffusiondependson
thesecondpowerof thefluctuations(

V {|{�� 7 FB��AB��
 >�� )
where � � 2, whereasnon-resonant“2D” diffusion de-
pendsonly on thefirst power, � � 1. If this bethecasefor
the magnetosphere,and crucial assumptionshave yet to
beproven,thenin thelimit of

FB�'AB� 
�� +
, (i.e. for quiet

magnetosphericconditions)this incoherent,non-resonant
diffusion may dominateover the resonantcontribution.
Sincetheseareexactlytheconditionsunderwhichthedata
weretaken,it is possiblethatweareperhapsseeingatime
perioddominatedby non-resonantdiffusion. At thevery
least,we have demonstratedthat the superiorityof reso-
nantdiffusionovernon-resonantdiffusioncannotbetaken
for granted,it mustbeproven. In a futurepaper, we shall
applythis modelto thedatasetdescribedin theintroduc-
tion.

Conclusions

We have attemptedto show how theuseof a Hamilto-
nian formalism can help us to calculatediffusion in the
magnetosphereand separateit from convective effects.
This meansthat we cannow treat ring currentandplas-
masheetionswith asingleconsistenttheoreticalapproach
thatincorporatesbothdiffusionandconvection.Wegoon
to show that this treatmentcanalsoimprove thestandard
diffusion coefficientsboth by generalizingmagneticim-
pulsesto any typeof electromagneticperturbationandby
incorporatingrecentinsightsinto the natureof “2D” and
“slab” diffusion.We believe thatthis reformulationof the
diffusionparadigmwill beof greatvalueto modellersat-
temptingto fit moderndatasets. Not only hasthe basis
setof diffusionmodelsbeenenriched,but convectionhas
beenincorporatedin awaythatpermitsafluid description
of magnetosphericparticlesfrom 1 eV–100MeV.
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Figure 1. Phasespacedensityof 10-20MeV/G H � onsix successiveAMPTE/CHEMpasses.


